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Classical principal bundles

Definition.

Let X be a topological space and let G be a topological group. A
principal G-bundle over X is a topological space P equipped with an
action p: G X P — P and a G-equivariant continuous map wp: P — X,
that is locally trivial, i.e. there exists an open covering {U;},, of X such

that for every i € I the restriction P‘U, is isomorphic to G x U; via a

G-equivariant isomorphism.
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Setting and preliminary definitions

Let C be a category with pullbacks and terminal object T and let 7 be a
Grothendieck topology on it.
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Setting and preliminary definitions

Let C be a category with pullbacks and terminal object T and let 7 be a
Grothendieck topology on it.

Definition.
Let G be an internal group in C and let X be an object of C. An action
of G on X is a morphism x: G x X — X such that the following

diagrams are commutative

idg Xx e><|dX

GxGx X —— GxX GxX
m><idXJ( Jx J J
GXX ———— X X —— X,

where m: G x G — G is the internal multiplication of G and e: T — G is

the internal neutral element of G.

7 = = o
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Setting and preliminary definitions

Definition.

Let G be a group object in C that acts on the objects X and Y of C with
actions x: G x X = X and y: G X Y — Y respectively. A G-equivariant
morphism f: X — Y is a morphism in C such that the following square is

commutative:
Gx X —X 5 X
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Actions on pullbacks

Let G be a group object of C that actson P,Y,Z€ Candletf: Z—Y
and g : P — Y be G-equivariant morphisms.

We define an action of G on the pullback P xy Z using the morphism

: Gx (PxyZ)— PxyZ induced by the universal property of the
pullback P Xy Z as in the following diagram

idg Xg*f

Gx(PxyZ) ~ T Gxp

N \p)A
S g f

idg xf*g
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Locally trivial morphisms

Definition (C.).
Let g: Y — X be a morphism of C. We say that g is locally trivial if

there exists a covering {f;: U; — X}, of X such that for every i € I the
pullback

Y xx U —5 5y

_
fre g

U,ﬁX

is isomorphic to G x U; via a G-equivariant isomorphism.
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Principal G-bundles

Definition (C.).

Let G be an internal group in the site (C,7) and let X be an object of C.
A principal G-bundle over X is an object P € C equipped with an action
p: G X P — P and a G-equivariant locally trivial morphism 7p: P — X.
Let 7p: P — X and mg: Q — X be principal G-bundles over X in C. A
morphism of principal G-bundles over X from 7p: P — X to

mQ: @ — X is a G-equivariant morphism ¢: P — @ in C such that

pP—* Q

N
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Closure under pullbacks

Proposition (C.).

Let mp: P — Y be a principal G-bundle over Y and let f: Z — Y be a
G-equivariant morphism in C. Then the morphism f*np: Pxy Z — Z is
a principal G-bundle over Z.
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Closure under pullbacks

Proposition (C.).
Let mp: P — Y be a principal G-bundle over Y and let f: Z — Y be a
G-equivariant morphism in C. Then the morphism f*np: Pxy Z — Z is

a principal G-bundle over Z.

The morphism f*7p is G-equivariant since the square

Gx (PxyZ) —Y s PxyZ

idG Xf*ﬂ.PJ{ lf*ﬂp

GXP——F—— P,

is commutative by definition of .
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Closure under pullbacks

We consider the covering V = {g;: V; — Y}, such that for every i € /
the pullback P xy V; is isomorphic to G x V; via the G-equivariant

isomorphism «; and we use it to define the covering family

Z/[:{f*g;: VixYZ—>Z}iel.
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Closure under pullbacks

We consider the covering V = {g;: V; — Y}, such that for every i € /
the pullback P xy V; is isomorphic to G x V; via the G-equivariant

isomorphism «; and we use it to define the covering family

Z/[:{f*g;: Visz—>Z}iel.

We show that G x (V; xy Z) satisfies the universal property of the
pullback (P xy Z) xz (V; xy Z).

Gx(\/;xYZ)L PxyZ

PQl lf*ﬂ P

VixyZ ———— Z
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Closure under pullbacks

For every i € I, we define the morphism h; as follows

idg xgf ol
G x V; !
GX(V,‘XyZ) nyv,
\‘~\\‘ h[ ! ﬂ;g‘-
Tt b \
PxyZ > P
idg xf*gi 1
f*ﬂ'p uy=3
GxZ

-<
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Generalized quotient prestacks

Definition (C.).
Let X be an object of C and let G be a group object of C that acts on X
with action x: G x X — X.
The quotient prestack [X/G]: C°P — (at is defined as follows:
- for every object Y € C we define [X/G](Y) as the category that has
e as objects the pairs (P, ) where mp: P — Y is a principal
G-bundle over Y and a: P — X is a G-equivariant morphism;
e as morphisms from (P, a) to (Q, 3) the morphisms of principal
G-bundles p: P — @ such that
pP—* - Q

NA
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Definition (C.).

- for every morphism f: Z — Y in C, we define

[X/GI(f): [X/GI(Y) = [X/G](Z)
as the functor that sends
e an object (P, ) € [X/G](Y) to the pair (P xy Z,a o mpf),

where P xy Z is the pullback of f and 7p;
e a morphism ¢: (P,a) — (Q, ) to the morphism [X/G](f)(¢)

defined as follows porhf
P x Y Z
X761 (e)
~ .
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Well-definedness of [X/G]

Proposition (C.).
The quotient prestack [X/G]: C°® — Cat is well-defined.

Given f: Z — Y the assignment
[X/GI(f): [X/G](Y) = [X/G](2)

- is well-defined on objects because principal G-bundles over Y are
closed under pullbacks;

- preserves identities and compositions by the universal property of the
pullback.
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Pseudofunctoriality of [X/G]

Proposition (C.).

The quotient prestack [X/G|: C°P — (Cat is a prestack.

vyt idix/gyy) = [X/Gl(idy)  erg: [X/G](g)o[X/G](f) = [X/G](fog)

TrI’_f,(gof)

P Xy w
\\\\((Ef,g)(P,a))71

b
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Some observations

The quotient prestack [X/G] doesn't necessarily take values in Gpd'.
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Some observations

The quotient prestack [X/G] doesn't necessarily take values in Gpd'.

Definition (C.).

Let C be a category with terminal object T and let G be a group object in
C. We call classifying prestack the prestack [T/G] and we denote it BG.
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Descent data

Definition.

Let F: C°P — (Cat be a prestack and let S be a sieve on Y € C.

A descent datum on S for F is an assignment for every morphism
Z5 vinSofan object Wy € F(Z) and, for every pair of composable
morphisms Z’ & 75 v with f € S, of an isomorphism

o g g Wy = Wjor such that, given morphisms Z” hz&z5hy

with f € S, the following diagram is commutative
* [k h*wf’g *
h (g Wf) ————— h (Wfog)

‘/R l@FOg’h

(g © h)*(Wf) ? Wfogoh-

(pf,goh
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Descent data

Definition.

This descent datum is called effective if there exist an object W € F(Y)
and, for every morphism Z fiye S, an isomorphism

of (W) = Wi

such that, given morphisms Z’ &z i> Y with f € S, the following
diagram is commutative

g (W) 5 g+ (W)

CT

fog

(fog)W —— Weeg.
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Definition of stack

Definition.
A prestack F: C°P — (at is a stack if it satisfies the following conditions:

- Every descent datum for F is effective;

- (Gluing of morphisms) Given a covering family U = {f;: U; — U},
objects x and y of F(U) and morphisms ;: X‘Ui — y‘U,- in F(U;) for
every i € | such that for every i,j € / <p,-|UiJ_ = SDJ'|U,-J-’ there exists a
morphism 7: x — y such that n‘Ui = ©j;

- (Uniqueness of gluings) Given a covering family
U = {f;: Uy — U},.,, objects x and y of F(U) and morphisms
©,1 1 x = y such that for every j € / cp}U. = w|U., then ¢ = 1.
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Canonical topology on a site

Definition.
Let C be a category. The canonical topology ~ on the category C is the
finest Grothendieck topology on C such that every representable presheaf

of C is a sheaf on the site (C, k).
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Canonical topology on a site

Let C be a category. The canonical topology ~ on the category C is the

finest Grothendieck topology on C such that every representable presheaf
of C is a sheaf on the site (C, k).

Definition.
Let C be a category and let X be an object of C. A sieve S on X is a
colim sieve if X = colimgsdom, where dom: S — ( is the domain

functor. Moreover, S is a universal colim sieve if for every morphism

f: Y = Xin C the sieve f*S on Y is a colim sieve.

Proposition (Johnstone, Lester).

The sieves for the canonical topology are exactly the universal colim sieves.
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Basis for the canonical topology

A morphism f: C — D in C is called an effective epimorphism if it is

the coequalizer of its kernel pair. Moreover, it is called a universal
effective epimorphism if its base change along any morphism is an
effective epimorphism.

Theorem (Lester).

Let C be a cocomplete category with pullbacks and a terminal object and
such that pullbacks preserve colimits. Then the family {f;: Yi — X}, is

a covering family for X in r if and only if the morphism

Hf,-:HY,-—>X

icl i€l

is a universal effective epimorphism.
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The main theorem

Let C be a cocomplete category with pullbacks and a terminal object and
such that pullbacks preserve colimits. Let then T be a subcanonical
Grothendieck topology on C.

Then the quotient prestack [X/G] is a stack.
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The main theorem

Let C be a cocomplete category with pullbacks and a terminal object and

such that pullbacks preserve colimits. Let then T be a subcanonical
Grothendieck topology on C.
Then the quotient prestack [X/G] is a stack.

We show that [X/G] is a stack when 7 = k.
This implies that it is a stack every time 7 is subcanonical, since the

principal bundles with respect to a subcanonical topology are principal
bundles in (C, k) as well.
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Gluing of morphisms

Let (P, ), (Q, ) € [X/G](Y) and for every i € | let

i (P’a)‘u,- — (Q’a)|u,- be a morphism of C such that for every i,j € |
we have ‘P"‘U,-j = ‘pf}u,-j'

To construct n: (P,a) — (Q, 3) such that n}u,- = ; for every i € | we

use the universal property of the following coequalizer

I3,
(ITP xy Up) xp (1P xy Uj) ——3 [IP xy Ui —— P
i€l iel iel :
g
L (75 fiop:) i
i€l
Q.
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Uniqueness of gluings

Let (P, ), (Q,5) € [X/G](Y) and let p,v: (P,a) — (Q, ) be

morphisms such that for every i € / <p|U. = d”u-'

porpf; pompf;
P Xy U,' P Xy U,' "
~ Py )
T
Qxy U — Q
|
TPX yU; TQex YU,“ T
U; f) Y

We have ¢ o mpf; = 1) o mpf; and this implies ¢ = 1) because the
morphisms {75 f;},., are jointly epimorphic.
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Every descent datum is effective

Given a descent datum on the sieve sieve S on Y, we need to define an
object (W, a) € [X/G](Y) and, for every morphism Z Lyes an
isomorphism 7 : £*((W,a)) — (W, ar) such that, given morphisms
Z' & Z L v with f € S, we have "8 0 g*f = /€ o (¢4 ) (W a)-
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Every descent datum is effective

Given a descent datum on the sieve sieve S on Y, we need to define an
object (W, a) € [X/G](Y) and, for every morphism Z Lyes an
isomorphism 7 : £*((W,a)) — (W, ar) such that, given morphisms
Z' & Z L v with f € S, we have "8 0 g*f = /€ o (¢4 ) (W a)-

We construct a functor A: S — [X/G](Y) that sends:
for
o anobject Z 5 Y € Sto (Wy —5 ¥, ar) € [X/G](Y);
e a morphism k from Z f Y to P Y tothe composite morphism

k,t)—l T k

KW,

W, (¢ y W,
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Every descent datum is effective

Given a descent datum on the sieve sieve S on Y, we need to define an
object (W, a) € [X/G](Y) and, for every morphism Z Lyes an
isomorphism 7 : £*((W,a)) — (W, ar) such that, given morphisms
Z' & Z L v with f € S, we have "8 0 g*f = /€ o (¢4 ) (W a)-

We construct a functor A: S — [X/G](Y) that sends:
for
o anobject Z 5 Y € Sto (Wy —5 ¥, ar) € [X/G](Y);
e a morphism k from Z f Y to P Y tothe composite morphism

k,t)—l T k

KW,

W, (¢ y W,

We define W := colim A and we induce the morphism a.: W — X using
the cocone given by the morphisms as: Z — Y for every f € S.
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Every descent datum is effective

We induce the isomorphism ' : f*W —» W using the universal property
of the colimit colim(f* o A) = f*W, with cocone given by

* 0t * |k F;VF(f*t)
"Wy = (F t)" (W) ——— W,

where 6; is the composite

* ~ % £\* LPt’t*f (@f’f*t)71 ® )k
F*We = (EF) (W) T Wiopr —— (F*t)*(Wp).

To prove that this is a cocone, we show that there exists a natural
transformation ©: Ao f* = (Ter)* o f* o dom of components 6, for every
teS.
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